Abstract. In this paper, the author gives a solution to an open problem about the famous Mathieu series, that is, he obtains a sharp double inequality for bounding this series.
Introduction
We consider the series (1.1) S (r) = n≥1 2n (n 2 + r 2 ) 2 , r > 0 called Mathieu's series in the literature. It was introduced by Mathieu in his 1890 work on elasticity of solid bodies. Several interesting problems, solutions and bounds for the Mathieu series can be found in the works we collected in the references. Alzer, Brenner and Ruehr [1] showed that the best constants α and β for which 1 r 2 + α < S (r) < 1 r 2 + β holds, are α = 1 2ζ(3) and β = 1 6 , where ζ denotes Riemann's Zeta function. Our main purpose is to prove the following problem proposed by A. Hoorfar and F. Qi [5] : find the best possible constants a and b such that holds true for all r > 0. They showed that a ≤ 3/2 and b ≥ 1/4. The following theorem gives the complete answer. 
Lemmas
To prove our theorem we define a function α for any real number r > 0 by the equality S (r) = 1
. Theorem 1.1 is the corollary of the following lemmas.
Lemma 2.1. For any real number r > 2.57, α(r) is a strictly decreasing function of r, satisfies the inequalities In this paper we use the following definition of the Bernoulli numbers:
thus the first few are
To prove our lemmas we shall use the following theorem of Russell [12] .
Lemma 2.4. Let S (r) be defined by (1.1) and
where R k (r) may be expressed in either of the forms
Proofs of the lemmas
Proof of Lemma 2.1. From the definition of α (r) we have
According to Hoorfar and Qi we find that
if r > 0. We have to improve this for r > 2.57. Note that if
and
From Lemma 2.4 we have
if r > 1.3. Applying Russell's theorem again, we obtain
. Now we consider the monotonicity of α. We will show that the value of the derivative α ′ (r) is negative for any real number r > 2.57. A straightforward calculation gives
Thus it is sufficient to show that for r > 2.57, (3.7)
T (r) = 3r
From Lemma 2.4 we have 
2 . Russell showed that Thus T (r) > 0 if r > 2.57. Hence we showed that for r > 2.57, α (r) is a strictly decreasing function of r, satisfies the inequality α (r) < ζ (3) 6ζ ( To prove the lemma we show that T (r) defined by (3.7) is positive if 0 < r ≤ 0.3. It is well known (see for example [2] ) that
From (3.8) it is clear that
Here ζ denotes Riemann's Zeta function. And thus
These series are alternating and for fixed 0 < r ≤ 0.3, the sequences
are monotonically decreasing. By Leibniz's theorem we find
where 0 < θ r , ρ r < 1 and 0 < r ≤ 0.3. By plugging these into (3.7), we obtain
The right-hand side is a polynomial in degree 16. It can be shown that the polynomial r + has only positive coefficients, thus Q (r) is positive on the range 0 < r ≤ 0.3, hence α is strictly decreasing there. This means that
6ζ(3)−6 , which completes the proof of the lemma. Proof of Lemma 2.3. As an application of the Euler-Maclaurin summation formula, Lampret [6] proved that According to (3.2), (3.3) and (3.4) we have
The right-hand side is a rational function of r. Let d dr
where ϕ 1 (r) and ψ 1 (r) are polynomials in r, ψ 1 (r) > 0. ϕ 1 (r) has degree 45 and r + Since S (r) > 1 r 2 +1/2 , according to (3.2), (3.3) and (3.4) we obtain
Again, the right-hand side is a rational function of r, let d dr
where ϕ 2 (r) and ψ 2 (r) are polynomials in r, ψ 2 (r) > 0. ϕ 2 (r) has only negative coefficients, hence
is a strictly decreasing function of r if r > 0. Its value at 2.57 is 0.4360975104 . . . > holds as r → +∞. This shows that the upper bound is sharp too.
